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Abstract-- - The objective of this study was to tormulate discrete and continuous models to describe
the elastic-perfectly plastic deformation of two rough surfaces in contact. The two surfaces in
contact are assumed to exhibit fractal behavior and are modeled as an effective fractal surface
compressed into a smooth rigid substrate. The rough self-affine fractal structure of the effective
surface is approximated using a Cantor set representation. Both of the proposed models admit
analytical solutions for the cases when the plastic deformation is volume conserving or not. Results
are presented that illustrate the effects that volume conservation and initial surface structure have
on the elastic—perfectly plastic deformation process. The results from the continuous model are
compared with the results obtained from the discrete model, and also with existing experimental
load displacement results for the deformation of a ground steel surface.

1. INTRODUCTION

It is well known that the geometry and structure of the interface between two solid surfaces
in contact is of fundamental importance to the study of friction. wear, lubrication, and also
thermal and electrical conductivity. In general. the actual contact between two real solids
is realized only over a small fraction of surface in a discrete number of areas. Consequently,
the real area of contact is only a fraction of the apparent (nominal) area, and the parameters
of the actual contact regions depend upon the curvature and roughness of the contacting
surfaces. Early studies of the contact of rough surfaces are described in Archard (1957),
Bowden and Tabor (1964), and Greenwood and Williamson (1966). More recent studies
are available in Johnson (1985), Liu er «l. (1986), Chang er af. (1987), Bhushan (1990),
Majumdar and Bhushan (1991), Majumdar er al. (1991). Borodich and Mosolov
(1991,1992), Bhushan and Majumdar (1992) and Warren ¢z af. (1994).

In most cases the structure of surfaces appears to be random. Statistical parameters
such as the root-mean square (r.m.s.) of surface height g, slope ¢” and curvature ¢” are
conventionally used to characterize the surface roughness. Several theories based on these
parameters have been developed to model rough surfaces in contact. The most popular of
these is the Greenwood and Williamson (G & W) (1966) model, which is based on the
assumption that the surface is composed of hemispherical asperities having equal radii of
1/a”. The centers of asperities are distributed normally about the mean plane, and the
deformation of the asperities is based on the Hertz contact theory. Recently, Chang ef al.
(1987) modified the original G&W model to incorporate the effects of volume conservation
in the plastic deformation of asperities. Several other theories of friction, wear, and lubri-
cation based on the G&W model have since been developed and are discussed by Bhushan
(1990). However, as pointed out by Majumdar and Bhushan (1991). Majumdar et al.
(1991), and Bhushan and Majumdar (1992), the parameters o, ¢’, and ¢” are not unique to
a surface. and depend upon the resolution and scan length of the roughness measuring
instrument. Because of this fact, the assumption of a surface composed of hemispherical
asperities, belonging to a single length scale, is an oversimplification of the real surface
which contains several roughness scales.

The multi-scale nature ot the surface roughuness suggests the use of a fractal represen-
tation. Lately (Liu ¢ al.. 1986: Majumdar and Bhushan, 1991 ; Majumdar et a/., 1991

2907



2908 T. L. Warren and D. Krajoinovic

Borodich and Mosolov. 1991,1992: Bhushan and Majumdar, 1992; Warren ef al. 1994),
fractal models have indeed been used to represent the contact of rough surfaces. The
method developed by Majumdar and Bhushan (1991), Majumdar er a/. (1991), and Bhushan
and Majumdar (1992) uses the Weierstrass-Mandelbrot function, as described by Man-
delbrot (1982). to simulate surface roughness. Modified Hertz equations are then employed
to model the elasto—plastic deformation of the surface. In Liu er «/. (1986), a fractal surface
is constructed based on a Cantor set that is used to simulate the electrical properties
exhibited by a rough surface interface. The model developed by Borodich and Mosolov
(1991,1992), also based on the Cantor set, is used to provide asymptotic expressions for a
fractal die penetrating either a rigid-perfectly plastic, or elastic halfspace. Hill’s solution
(Hill, 1950) for a punch in contact with a rigid perfectly plastic halfspace is employed to
estimate plastic deformation. For elastic deformation, the surface of the halfspace is
modeled using a Winkler foundation (Cook and Young. 1985) which corresponds to a
distribution of mutually independent linear springs. The Borodich and Mosolov model was
subsequently modified by Warren ¢r al. (1994) to describe the plastic deformation of a
fractal surface, and incorporate the effects of volume conservation. With this model each
asperity is idealized as a simple one-dimensional axially loaded column which is composed
of a rigid-perfectly plastic material that deforms when a critical load is reached.

It is shown by Johnson (1985) and Majumdar er al. (1991) that the contact between
two rough surfaces can be modeled as the contact of an effective surface with a rigid flat
surface. Because of this fact, it is of interest to obtain a solution for the deformation of an
equivalent surface generated with a Cantor set. In this paper, the method used by Warren
et al. (1994) is modified assuming that an elastic—perfectly plastic fractal surface is in contact
with a smooth, rigid. and frictionless halfspace. Within the framework of this refined model
each asperity is treated as a simple one-dimensional axially loaded column made of an
elastic-perfectly plastic material. The volume of the plastically deforming material is con-
served throughout the plastic deformation phase assuming that the plastically deformed
material flows into specific regions of the Cantor set structure.

2. CHARACTERIZATION OF A FRACTAL SURFACE

Using the method developed by Borodich and Mosolov (1991,1992), and modified by
Warren er al. (1994), the surface profile shown in Fig. 1 is constructed by joining the
segments obtained at successive stages of the Cantor set. At each stage of construction, the
middle sections of the initial segments are removed so that the lengths of the remaining
segments are 1/f, times the length of the initial segments, where f, > 1. The depth of the
recesses (measured from the last step) at the (n+ 1)th construction step of the fractal surface
is 1/f. times less than the depth at the nth step, where /. > 1. From this result. it can easily
be shown that the horizontal length and recess depth of the (n+ 1)th step are, respectively,

1_,,+| = <';\>L,, = <._fl_‘\_>”‘ L(, and h,,,q = <—;A>/I,, = ('fl—-jl 1‘10. (1)

Most rough surfaces have a self-affine scaling structure (Majumdar et al., 1991}, which
implies that the length scales change by different amounts in different directions. This is
also evident with the case of the structure constructed in Fig. 1. Because of this fact,
methods used for self-similar fractals are not applicable to self-affine structures as described
by Mandelbrot (1985). However. a relationship between the self-affine Cantor set structure
and a self-affine surface z(.xv) 1s conjectured through the use of the structure function

S(r) = {[=(x+ 1) —2()]*), (2)

where S(7) physically represents the mean square of the difference in height expected over
any spatial distance 7, and the angular brackets denote averaging over the statistical
ensemble of z(.v). It has been shown by Voss (1988) that the structure function scales as
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where D is the self-aftine fractal dimension of the surface profile, which falls in the range
| < D <2 Fromeqns (2) and (3). it follows that

Az ~ Ax"7, 4)

where (2— D) is equivalent to the well-known Hurst exponent.

It was shown by Borodich and Mosolov (1992}, that a self-affine fractal dimension for
the Cantor set structure (Fig. 1) can be obtained based on certain statistical considerations.
At the nth generation, the Cantor set surface contains N = 5" segments, each of length

3, = (‘; j”[,“., (%)

NV

where s corresponds to the number of asperities on a repeating segment (Warren et al.,
1994). This result allows for the construction of an infinite number of different structures
based on the Cantor set.

During an iterational step in the construction of the Cantor set surface, scaling in the
horizontal direction requires

1
A-\An+ [ (—5_/ ijn- (6)

In the vertical direction, the corresponding fluctuations Az, at the nth generation can be
obtained by considering the probability of finding the value
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- = (f‘j/, ™

S/

The actual construction of the self-affine Cantor set profile is based on deterministic
methods, while its relationship to a surtace profile exhibiting fractional Brownian motion
1s based on statistical considerations. At the nth generation, the support of eqn (7) has a
total length (L,— L, ), from which the probability of finding z, is P(z,) = (L,— L, )/ L.

Hence,
1Y 1
P(z,)) = - lif . 8
(=) </)< f\> (8)

As shown by Borodich and Mosolov (1992). the fluctuation Az, at the nth generation can
be obtained by assuming that Az, scales as the expected value z,P(z,) in which

Az, ~ 2, P(z,). )]

Thus, the expected value of the fluctuation at the (n+ 1)th generation is related to the
expected value of the fluctuation at the nth generation through the relationship

]
i IP(:n~ I,) = <f _ﬁ>:I’P(:”). (10)

Hence

1 \
Az, =1 — |Az,. 11
(.f_f\) (n

Using eqns (6) and (11) in eqn (4) provides the relationship

'A:n+ A'\'n + s
(-

from which the self-affine fractal dimension for the Cantor set surface is derived as

In / Ins

=1—-">4 - 2). 1
D=1 ln‘\.’f,\juh”f\ (t<D<2) (13)

It is interesting to note that the last term on the right-hand side of eqn (13) provides the
fractal dimension of the Cantor set D, (0 < D, < 1).

The fractal dimension D along with the parameters L, and A, can be determined
experimentally from a surface profile of a material specimen. The fractal dimension D can
be directly obtained from the gradient of the structure function of a surface profile that
exhibits fractional Brownian motion, while L, corresponds to the profile length, and 4, is
equal to twice the r.m.s. height 6. The self-affine fractal dimension of the material specimen
is related to the self-affine fractal dimension of the Cantor set structure through the three
geometric parameters s, f-, and /. as given in eqn (13). A unique choice of the three
unknown geometric parameters requires two more equations. The two other relationships
for the parameters /. and f, can be obtained by considering the linear area that is in
contact with a plane intersecting the experimentally obtained surface profile at two separate
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Fig. 2. Fractal surface profile intersected by two planes below the r.m.s. height o.

locations as shown in Fig. 2. These linear areas can be equated to the linear areas computed
from the asymptotic results for the area displacement relationship neglecting volume con-
servation (Warren et al., 1994) given by eqn (A7) in the Appendix. Thus the proposed model
in conjunction with experimental measurements provides a unique, if only approximate,
selection of all three parameters needed to define the Cantor set structure.

3. DISCRETE ELASTIC-PERFECTLY PLASTIC DEFORMATION MODEL

The proposed fractal surface model is assumed to be a semi-infinite solid composed of
an elastic—perfectly plastic material. The fractal surface of this body is assumed to be in
contact with a smooth rigid halfspace as shown in Fig. 3. Deformation of each generation
of asperities is initially elastic. After a critical load (per unit thickness)

P=o,lL (14)

is reached, the deformation becomes plastic. In eqn (14), o, is the local value of the yield
stress of the deforming elastic—perfectly plastic material in compression, and L is the length
of contact between the deforming material and the rigid halfspace. The local value of yield
stress implies the stress required to produce plastic deformation at the length scale under
consideration, and may be different from the value used at the macro scale.

The total elastic deformation of the Cantor set surface can be determined by super-
imposing the elastic deformation of each generation of asperities such that

Fig. 3. Deforming Cantor set surface with s = 2.
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u=PY - (15)
=0

where z, 4;, and E, are the height, total cross-sectional area (per unit thickness), and
Y oung’s modulus, respectively, of the ith generation of asperities. In terms of the parameters
Ly hy f,, and f., the height and cross-sectional area for the ith generation of asperities are
given, respectively, by

= (%)i(f:—l)ho, A = (L)[LO. (16)

As the number of generations of asperities tend to infinity, any generation of asperities
with a total area less than a critical area 4, will be for a selected load P in plastic deformation.
The critical area is related to the yield stress of the material through the relationship

P /1Y
. " (7> L,. (17)

Solving eqn (17) for n (n being an arbitrary positive integer) gives the relationship

1 +trunc((), (¢Z,
= 18a,b
{c, tez. (182,0)
where
Iné
( = E=Pf . <&
S ln ll//fj\’ (: P/L(]O"\, (0 C 1) (19)

The function trunc(() takes the value of { and truncates it to an integer value.
The total displacement of the Cantor set surface can be represented in terms of the
elastic and plastic components of the displacement such that

u=u,+u,. (20)

By letting the number of generations of asperities tend to infinity and simultaneously
accounting for volume conservation of the plastically deforming material (Warren et al.,
1994), the plastic component of the displacement of the nth generation of asperities can be
expressed as

_ Xyhy

: @n
£

Un

The parameters X and y are defined by eqn (A3) in the Appendix. If volume conservation
is neglected, the product Xy is taken as unity. In the case where volume conservation is not
neglected it is assumed that the plastically deformed volume of the nth generation of
asperities flows into the troughs between the nth generation of asperities causing the length
of the (n—1)th generation of asperities to increases by a length (4,_, —u,). The total
displacement of the discrete Cantor set surface including the volume conservation effect
can be expressed in dimensionless form as



Fractal models based on the Cantor set 2913
1 -l f - n—"2 f k
u* = <Xy +Cfl//(./l—X",‘)<". +Ep(f=1) Y () } (22)
f: ‘f: k=0 f:

where u* = u/hy, and ¥ = ¢,/E. The first term on the right-hand side of eqn (22) is the
displacement due to the plastic deformation, the second term reflects the elastic deformation
of the (n— l)th generation of asperities, and the last term is attributed to the elastic
deformation of the remaining generations of asperities.

Values of ¢, £, f.. f., £, and n are required to evaluate eqn (22). Here, o, and E are
material properties, f, and /. characterize the structure of the Cantor set model and are
related through the fractal dimension D, ¢ is the dimensionless form of the applied load,
and n defines the current generation of asperities that deforms plastically, and is obtained
through the use of eqn (18).

4. CONTINUOUS ELASTIC-PERFECTLY PLASTIC DEFORMATION MODEL

The displacement obtained in eqn (22) is derived in the form of sums, is discrete in
nature, and a discontinuous function of the applied load. Because of this, it is of interest to
derive a continuous solution for the elastic—perfectly plastic problem and compare the
results with the discrete solution in eqn (22).

The plastic component of the displacement can be derived by inverting the expression
obtained for the rigid—perfectly plastic problem (Warren ez al., 1994) as given by eqn (A5)
in the Appendix. It follows that

u, = ¢ E h where ():1 lLi‘_ (23)
TN A1)

The parameters ¢ and x are defined by equs (A2) and (A5) in the Appendix.

The elastic component of the displacement consists of two parts. The first part cor-
responds to the elastic deformation of the material conserved during the plastic deformation
process, and the second part corresponds to the elastic deformation of the remaining
material. For the first part it is assumed that the conserved material in the range
u, <z < u,(u, =u,/Xy) maintains a constant cross-sectional area equal to the area
obtained at u, while taking into account volume conservation. The elastic deformation of
the conserved material is

P [ dz .
Uy =% [ Al where  A(u,) = L,<. 24

v,

After integration of eqn (24). the first part of the elastic deformation can be expressed in
the form

w =irn-x(;) e3)

For the remaining material it is assumed that (a) the elastic deformation given by eqn (15)
can be represented in an integral form, and (b) the cross-sectional area can be approximated
using the asymptotic result given by eqn (A7) in the Appendix (neglecting volume con-
servation). It then follows that

SAS 32-19-F
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Uy = zp<§> L (]{l%) dz. (26)

Integration of eqn (26) from u, to f.h, provides two solutions for the second part of the

elastic deformation
Wi ho g:_ § " 5% 1
U,=< l—a |6 0 ’ ’ (27a,b)

—Yfho&In (), %= 1.

The total displacement is obtained by superimposing eqns (23), (25), and (27), which can
be expressed in dimensionless form for o« # 1 as

el oA L)

and similarly for » = 1

D

w* = (X3Sl (1= X E—yflin (O] (29)

The logarithmic singularity that occurs at £ = 0 in the last term on the right-hand side of
eqn (29) is a weak singularity such that in the limit as & — 0 the last term goes to 0. Both
the solutions given by eqns (28) and (29) are therefore well behaved for all admissible
values of o > 0.

5. RESULTS AND DISCUSSION

Numerical results are presented in Fig. 4(a)—(f) for the load—displacement relationship
in non-dimensional form for the Cantor set surface profile shown in Fig. 1. The parameters
s=2and f, = 1.5 were held constant, giving a constant Cantor set dimension D, = 0.6309
for this illustrative example. In all cases, the displacements were kept in the same range to
illustrate the effect that the applied load has at different fractal dimensions. The selected
material properties correspond to AISI 1045 steel, for which the yield strength and Young’s
modulus are approximately (Shigley and Mitchell, 1984) 700 MPa, and 210 Gpa, respec-
tively. Results are presented with and without volume conservation and the continuous
solutions are compared with the discrete solutions. According to both models, a significantly
larger load is required to produce the same displacement if the volume is conserved. The
results of the continuous solution match those of the discrete model reasonably well (Fig.
4(a),(b)) at the critical load points where a generation of asperities collapse with the
continuous solution giving slightly larger displacements. It is further observed that the
difference between the two solutions increases with either an increase in load or decrease in
fractal dimension. The discrete model data suggests that the displacements at the critical
points can be considered to scale as the load to a power greater than one, which is consistent
with the results from the continuous solution. Between D = 1.2 and 1.3, the value of 1.
becomes less than f,, and the data at the critical load points of the discrete model suggest
that the displacement can be considered to scale as the load to a power less than one. This
result again is consistent with the results from the continuous solution. However, as the
value of D is increased, the displacements of the discrete model at the critical points slightly
exceed the continuous solution results for the same value of load. The differences in the
results obtained by the two models can be attributed to the asymptotic assumptions made
in the development of the continuous model. This result does indicate however that the
asymptotic assumptions used in the continuous model provide a reasonable approximation
to the discrete model over a wide range of u*. Furthermore, in reality a real surface may
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Fig. 4. Non-dimensional load--displacement curves for a Cantor set surface with s = 2 and /. = 1.5
(a)D=1L1. () D=12and () D=13;(d)D=14(e) D= 15 and () D= L6

not actually be discrete and the continuous model may provide results that are closer to
the actual deformation behavior than the discrete model does.

The components of the elastic deformation with volume conservation for both the
discrete and continuous models in Fig. 4(b) and (¢) are shown in Fig. 5(a) and (b),
respectively. In both cases the elastic deformation for the given material, geometry, and
loading parameters is much smaller than the plastic deformation and thus contributes very
little to the total deformation. In many cases the plastic deformation will most likely be the
dominant displacement mode associated with the initial loading of a surface. The amount
of elastic deformation exhibited by the Cantor set models is dependent upon the material
parameter ¥, the two geometric parameters f, and /.. and the loading variable {. Exam-
ination of eqns (22), (28), and (29) shows that the elastic component of displacement varies
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Fig. 4. Continued.

linearly with changes in . To examine the effects of geometry and load, the individual
components of displacement that account for volume conservation are plotted as functions
of the fractal dimension D for several values of dimensionless load ¢ while the other
parameters are held constant. In Fig. 6 (a), (b), and (c), the dimensionless load is taken as
1x107%1x107% and 1 x 1072, respectively, while s = 2, D, = 0.6309, and = 3.33 x 107>,
It is observed that the elastic component of displacement contributes less to the total
displacement as the fractal dimension D is increased for all considered values of &. For
small values of £ it is seen that the elastic component of displacement is dominant for low
values of D (Fig. 6(a)), and in fact as £ — 0 the elastic component of displacement exceeds
in magnitude the plastic component for values of D in which /; is less than f.. However, as
D is increased the plastic component of displacement increases, and in fact becomes the
dominant deformation mode. Similar trends are displayed in Fig. 6(b). However, at much
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Fig. 4. Continued.

higher loads the elastic component of displacement always remains less than the plastic
component for all values of D (Fig. 6(c)). These results indicate that the component of
plastic deformation grows exponentially with decreasing f., and becomes orders of mag-
nitude greater than the elastic component. This elastic component grows much slower, and
in some cases decreases for surfaces with large D. A decrease in f. physically corresponds
to an increase in the length of all (n+ 1)th generations of asperities and leads to an increase
in the fractal dimension D when the parameters s and f, are held fixed. This result is
consistent with curves that exhibit fractional Brownian motion as discussed by Voss (1988),
where the surface becomes rougher with sharper peaks when the fractal dimension D is
increased. Therefore, higher fractal dimensions give rise to more sharply peaked asperities
which deform plastically at lower loads as predicted by both of the present Cantor set models.
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Fig. 5. Dimensionless values of the elastic component of displacement plotted as a function of
dimensionless load P/P, withy =2and f, = 1.5; (a) D = 1.2and (b) D = 1.5.

Due to the periodicity of the Cantor set surface, it is doubtful that either of the
considered models will provide an exact representation of the surface structure. However,
these models do provide a further insight into the surface structure and its effect on the
deformation process. In an averaged sense, these models appear to provide reasonable
results. Specifically, both models provide (a) an estimate of the error associated with
neglecting volume conservation, which is common with many current surface deformation
models. and (b) an estimate of the elastic and plastic deformation that occurs and their
relationship to the applied load. material properties, and geometric structure of the surface.
A numerical measure of the error associated with neglecting volume conservation can be
obtained by considering the ratio of the displacement with volume conservation (vc)
over the displacement neglecting volume conservation (nvc). If the plastic component of



Fractal models based on the Cantor set 2919

1.00E-11
1.00E-10 -
1.00E-09
1.00E-08 -
=] - -
£ 1.00E-07
-
c
g 1.00E-06 -
13
3]
5 1.00E-05 - ~o
2 S~o
~
O 4 .00E-04 - S~
1.00E-03 ~ Plastic Displacement
L ————— Elastic Displacement
1.00E-02 =
""""" Total Displacement
1.00E-01
1.00E+00 —t
1.00E+00 1.10E+00 1.20E+00 1.30E+00 1.40E+00 1.50E+00 1.60E+00
D
1.00E-07
1.00E-06 =
1.00E-05 -
[~
£
E 1.00E-04 T~
£ T~
s J—
(2]
=
Q. .03 =
& 1.00E-03
(=]
1.00E-02 o ——— Plastic Displacement
————— Elastic Displacement
""""" Total Displacement
1.00E-01
1.00E+00 —t e i s } t ——
1.00E+00 1.10E+00 1.20E+00 1.30E+00 1.40E+00 1.50E+00 1.60E+00
D

Fig. 6. The dimensioniess disptacement /A, is plotted as a function of the fractal dimension D, with
s=2.D,=0.6309. and y = 3.33 x 10" * held constant at the dimensionless loads (a) 1x 107", (b)
| x107% and {c) | x 107~

displacement is much larger than the elastic component, the latter can be neglected and the
effect of the volume conservation is reflected in the ratio u*/uf, = 1/k'* where « is given
by eqn (A8) in the Appendix. This result holds for both the discrete and continuous models.

Recent experimental work by Handzel-Powierza er al. (1992) has shown that the load—
displacement relationships for face turned, ground, and bead-blasted carbon steel specimens
(0.45% carbon) follow a sigmoidal curve similar to that in Fig. 7. The experimental data
obtained by Handzel-Powierza et al. (1992) for the ground specimen are compared in Fig.
7 with the theoretical prediction computed from eqn (28). The error associated with the
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Fig. 7. Experimental and theoretical load-displacement results for a ground medium carbon steel
specimen.

experimental measurements was determined by Handzel-Powierza et al. (1992) to be
approximately +0.5 um for the displacements, and +5 MPa for the load. In the early
stages of deformation, the load scales as the displacement raised to a power greater than
one. In the later stages. the load—displacement curve changes direction, and the load scales
as the displacement raised to a power less than one, which is consistent with models based
on the plastic deformation of bulk material. In Handzel-Powierza et al. (1992) the test data
in the early stages of deformation are compared with a modified version of the G&W model
that considers only elastic deformation of asperities. However, according to the results of
the elastic-perfectly plastic models, it is highly probable that during the first loading in the
early stages of deformation both plastic and elastic deformation of asperities exist, with the
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plastic deformation possibly being much greater than the elastic deformation. With this in
mind, it is observed that the discrete elastic—perfectly plastic Cantor set model can indeed
be employed to simulate the contact deformation in the early stages. As shown in Fig. 7,
reasonably good agreement between the theoretical and experimental results exists in the
early stages of loading. For this rough theoretical estimate, the material properties were
again taken as that for AISI 1045 steel. It was further assumed that the profile fractal
dimension is D = 1.5, which appears to be reasonable based on the results obtained by
Majumdar er al. (1991) for ground stainless steel surfaces, which were found to exhibit
surface profiles with a fractal dimension of D = 1.5. The corresponding Cantor set dimen-
sion was assumed to be D = 0.6228 with s = 3. giving f, = 1.9455 and f, = 1.2418. The
depth /4, was taken as 6.6 ym which corresponds to twice the r.m.s. height as given by
Handzel-Powierza et al. (1992).

Using modern surface roughness measuring instruments such as stylus profilometers,
optical interferometers, scanning tunneling microscopes, and atomic force microscopes, it
is possible to determine whether a surface is fractal or not (Majumdar et a/., 1991). If the
surface is fractal, the self-affine fractal dimension D can be determined from the measured
data along with the corresponding values of the parameters 4,, L,. By considering a large
number of cross-sectional areas of surface profiles, averaged values of the parameters f,
and f. can be determined from eqn (A7) in the Appendix. Using these averaged values of
f.and 1., eqns (28) or (29) can be employed to provide an estimate of the load—displacement
relationship, and to give some idea of the amount of elastic and plastic deformation expected
at a desired load.

In conclusion, all geometrical parameters of the proposed model can be directly, if
only approximately. determined from the measured surface roughness. Force—displacement
relationships are derived in a closed form allowing for simple parametric studies of the
influence of surface roughness through the fractal dimension D and volume conservation
during plastic deformation. The computed results are in very good agreement with exper-
imental data within the range for which bulk plasticity is not a dominant factor.
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APPENDIX

Rigid-perfectly plastic deformation model!
The incremental change in load divided by the incremental change in displacement in going from the (n+ 1)th
generation to the nth generation of asperities (Warren et al., 1994) is

AP, Polfi=D) (L
a2y s s Al
Au, oy p(f=1) <f> (A1
where
Py =0 Ly, &= Xpfohg, (A2)

Sf

(A3)

In eqn (A2), o, denotes the yield stress of the material. The geometric series which defines y in eqn (A3) always

converges since the geometric constraints require that f, > 1 and f. > 1. The expressions for X and 7 in eqn

(A3) are due to volume conservation during plastic deformation. If volume conservation is neglected, ¢ = f.h,.
In the limit as (n+1) — oc, eqn (A1) can be expressed as the asymptotic derivative

dP  Py(fi~1) (u (Inf Inj)—1
a1 (5) ' (A9

The asymptotic load—displacement relationship for a rigid—perfectly plastic fractal surface is derived by inte-
grating eqn (A4) subject to the initial condition that P = 0 for u = 0. Thus (Warren et al., 1994)

Py (f—\[u\ Inf,
P = : <7;jl>(;i)) . where o= 1]’]/: (AS)

The solution (AS5) is based on asymptotic behavior [see also Borodich and Mosolov (1991,1992)], and will give
the best results if u « &,. The exponent « in eqn (A5) used in conjunction with eqn (13), provides the relationship

1-D,
*T1ip.-p

(A6)

where 2 > 0, and is represented in terms of the fractal dimension D and the Cantor set dimension D,.
Dividing eqn (A5) by a, gives the actual linear area of contact at any displacement w. Taking ¢ = f.h,
corresponds to neglecting volume conservation. The linear area displacement relationship in this case is equal

to
Ly (=1 Y
Ame =7 (,/;—1>(_f;hn>‘ (A7)

Evaluating eqn (A7) at two separate values of v and equating the corresponding values of A, with the linear
area from an experimentally obtained surface profile (at respective distances « below the r.m.s. height ¢ as
shown in Fig. 2) provides two equations which can be solved to determine the geometric parameters f, and f..
This process should be carried out over a large number of realizations in order to obtain statistically valid
values of f, and f.. These averaged values of f, and /. can then be used in conjunction with egn (13) to obtain
the value of s that provides a spatial distribution of the asperities. The load—displacement relationship given in
eqn (A5) can be characterized from this result without using the fractal dimension D. However, the relationship
between /, and f. and D provides further insight into the changes in geometric structure of the modeled surface
profile with length scale.

A measure of the error involved with neglecting volume conservation during plastic contact can be derived
by considering the ratio of the applied load for the volume conservation model to the applied load for the model
without volume conservation. Denoting this ratio by « it is found that

‘= (X') (A8)

where x > 1 is entirely dependent upon the geometric parameters f, and f..




